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We give exact formulas for the right-handed analog of the CKM matrix in the minimal Left-Right
symmetric theory, for the case when the Left-Right symmetry is generalized Parity as in the original
version of the theory. We derive its explicit form and give a physical reason for the known and
surprising fact that the right-handed mixing angles are close in value to the CKM ones, in spite of
the Left-Right symmetry being badly broken in nature. We exemplify our results on the production
of the right-handed charged gauge boson and the computation of KL −KS mass difference.
I. Introduction. The Left-Right (LR) symmetric the-
ory [1] prophetically implied non-vanishing neutrino mass
whose smallness, through the seesaw mechanism [2–4], is
related [2, 3] to parity violation at low energies. The the-
ory leads to neutrinoless double beta decay [5] through
both left handed (LH) and heavy right handed (RH) neu-
trinos [3]. One can in principle observe lepton number vi-
olation at hadronic colliders and probe directly the Majo-
rana nature of heavy neutrinos through the so-calleed KS
process [6]. Moreover, the knowledge of neutrino masses
allows one to predict the Dirac Yukawa couplings [7] and
the associated decays of RH neutrinos.
The small KL − KS mass difference implies a lower
limit [8] on the LR scale in the minimal model around
3 TeV [9], and the LHC has come close to it for some
channels [10]. This limit could go up to 20 TeV [11], but
that depends on the UV completion of the theory.
Detailed studies [12] support the feasibility of the KS
process at the LHC connected to neutrinoless double beta
decay and lepton flavor violation [13]. Recently CMS
reported a 2.8 sigma excess [10] in the KS process that
could be a manifestation of the LR symmetry [14]. It
would require, however, the RH gauge coupling to be
appreciably smaller that the LH one, not discussed here.
In the limit of unbroken LR symmetry, left and right
mixings are equal. The situation after the LR symme-
try breaking depend on its nature, which can be either
generalized charge conjugation C or generalized parity P.
In the case of C, quark mass matrices are symmetric and
the mixing angles remain the same, the only difference
lying in phases.
In the case of P, quark mass matrices are neither sym-
metric nor hermitian in general, yet it turns out that
the left and right mixing angles are close to each other,
as shown first numerically in a portion of the parameter
space in [15]. An analytical study in the same approxi-
mation was made in [16], and [17] established this result
over the entire parameter space by combining analytical
and numerical computations.
In this Letter we shed new light on this old issue by
finding the explicit form of the right-handed quark mix-
ing matrix, essential for high precision phenomenological
studies of the theory. In the process we offer a physical
explanation behind the approximate equality of left and
right mixing angles. We apply our findings to the pro-
duction strength of the heavy RH charged gauge boson
and to the computation of the KL−KS mass difference.
II. The right handed quark mixing matrix. The LR
symmetric theory studied here is based on the SU(2)L×
SU(2)R×U(1)B−L gauge group augmented with a gener-
alized parity P : qL ↔ qR, where qL,R are quark doublets
under SU(2)L and SU(2)R gauge groups respectively.
The quark Yukawa couplings in the minimal theory
take the following form
LY = qL
(
Y1Φ− Y2 σ2Φ∗σ2) qR + h.c. (1)
where Φ is a Higgs scalar bi-doublet with the non-
vanishing vevs
〈Φ〉 = v diag(cosβ,− sinβe−ia) (2)
and β < pi/4, 0 < a < 2pi.
The underlying LR symmetry in the form of general-
ized parity P implies hermitian Yukawa matrices, which
in turn lead to the following relations between the up and
down quark mass matrices
Mu −M†u = −isat2β(e−iatβMu +Md) (3)
Md −M†d = isat2β(Mu + eiatβMd) (4)
where sa ≡ sin a, tβ ≡ tanβ, t2β ≡ tan 2β. From (4),
it is easy to see a rough upper limit sat2β . 2mb/mt,
found before in [17]. Clearly, these relations and their
consequences are valid above the scale of the LR symme-
try breaking and one may need to take into account their
scale dependence in order to apply them at low energies.
The mixing matrices arise from a product of matrices
that diagonalize the quark mass matrices
Mu = ULmuU
†
R, Md = DLmdD
†
R (5)
where mq are diagonal matrices of positive quark masses.
This gives the left-handed CKM matrix VL and its right-
handed analog VR
VL = U
†
LDL, VR = U
†
RDR (6)
It will be useful to introduce unitary matrices Ud and Uu
which become unity (up to sign matrices discussed below)
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2when the corresponding mass matrices are hermitian
Uu = U
†
LUR, Ud = D
†
LDR (7)
Then from (3) and (4) one finds
Uu =
1
mu
√
m2u + isat2β
(
tβe−iam2u +muVLmdV
†
R
)
(8)
Ud =
1
md
√
m2d − isat2β
(
tβeiam2d +mdV
†
LmuVR
)
(9)
Additionally, one has a relation which arises from the
definition of the mixing matrices
VLUd = UuVR (10)
Together with (8) and (9) it allows for the determination
of VR in term of VL,mu,md, a and β. This tough com-
putational task is simplified, for we can expand in small
sat2β . We spare the reader the details that go into the
following leading term expression
(VR)ij = (VL)ij − isat2β
[
tβ(VL)ij +
(VLmdV
†
L)ik(VL)kj
mui +muk
+
(VL)ik(V
†
LmuVL)kj
mdk +mdj
]
+O(s2at
2
2β) (11)
There are 2(2n−1) independent solutions for n genera-
tions, due to the square root nature of (8) and (9). The
rest is found through VL → SuVLSd and mqi → sqimqi ,
where Su = diag(sui), Sd = diag(sdi) and sqi are ± signs.
Equation (11) eloquently expresses the RH mixing ma-
trix VR as an expansion in the small parameter sat2β ,
which must satisfy
|sat2β | . min
∣∣∣∣ mdi +mdj
(V †LmuVL)ij
∣∣∣∣ ' 2mbmt (12)
This rigorously confirms what we estimated in the be-
ginning by just taking the third generation, the reason
being that the third generation CKM mixing angles are
tiny.
Our task is basically completed; it suffices to keep in
mind that when sat2β is close to 2mb/mt, one may have
to include higher order terms. This is straightforward
and we leave it for future work. What is essential is that
we have complete control of the situation through a well-
defined expansion procedure.
Already at this level it can be shown that the differ-
ence between the right and left mixing angles is small, as
found numerically in the past. In order to do so, we use
the following parametrisation for a general 3× 3 unitary
matrix
VR≡diag(eiω1, eiω2, eiω3)V (θRij , δR)diag(eiω4, eiω5, 1) (13)
where V (θijL , δL) ≡ VL is the standard form used by the
PDG of the left-handed CKM matrix. Besides the RH
analog δR of the KM phase δL, VR contains five extra
(external) phases that cannot be rotated away since we
used all the phase freedom in defining the usual CKM
matrix in the left sector.
A straightforward computation from (11) gives the
leading terms for the differences between mixing angles
and the KM phases
θ12R − θ12L ' −sat2β
mt
ms +md
sin θ23L sin θ
13
L sin δL (14)
θ23R − θ23L ' sat2β
(
mt
mb +ms
− mt
mb +md
)
× sin θ12L sin θ13L sin δL
(15)
θ13R − θ13L ' sat2β
(
mt
mb +md
− mt
mb +ms
)
× sin θ12L sin θ23L sin δL
(16)
δR − δL ' sat2βmc +mt sin
2 θ23L
ms +md
(17)
In the above formulas we keep small masses of the first
generation in the denominators in order to help the
reader see the origin of such terms. It should be noted
that the phase difference δR − δL is accompanied with
the sin θ13L mixing angle. It suffices to change the signs of
quark masses accordingly to get all the other solutions.
The absolute values of the mixing angle differences are
quite stable under these transformations, while the phase
difference varies somewhat.
Notice that the angle differences vanish in the limit of
zero CKM phase δL, the reason being that in this limit,
the first order terms in sat2β in (11) are purely imag-
inary and thus affect only the phases. It is clear that
the angle differences are extremely small, suppressed by
small mixings. In Fig. 1 we plot in red lines these first
order results, and with blue dots the exact numerical so-
lutions. The agreement between them is impressive; the
first order is an excellent approximation. The difference
between the 1-2 mixing angles is always less than about
10%.
It may not be obvious why the differences of angles are
always accompanied by other small mixings. The simple
understanding of this important result comes, strangely
enough, from the discussion of the non-realistic two gen-
eration situation. Notice a surprising fact: at the first
3order the left and right mixing angles are equal, since
there is no CP phase in VL (Cabibbo rotation is real)
and the only change is in the imaginary components, i.e.
phases. If this was to be true to all orders, it would be a
rather useful result, for it would tell us that the difference
between mixing angles in the three generation case must
be proportional to the small CKM mixings, and thus is
guaranteed to be small. Below we show that the equality
of θL and θR is actually exact.
First, we compute the external phases from (11)
ω1 ' −ω3 + sat2βmc
ms
, ω2 ' −ω3 ' sat2β mt
2mb
,
ω4 ' ω3 − sat2β 3mc
2ms
, ω5 ' ω3 − sat2β mc
2ms
.
(18)
Unlike the expressions for the mixing angles and the
KM phases, these phases depend strongly on the sign
transformations that connect different solutions. The
above formulas should just be taken as an example of
all positive signs. There is one subtlety to keep in mind:
in some cases the sign changes make the phases start from
pi and not from zero, but that is easy to figure out.
We plot these phases in Fig. 2. Again, the first order
results are shown in red, and the exact numerical results
in blue. Notice that in this case the results start diverging
for larger values sat2β & 0.03, which simply means the
lack of higher order terms in (11). It turns out that it is
enough to use the following more precise form of ω3
sinω3 ' −sat2β mt
2mb
(19)
the rest remaining intact. The details of the computation
are left for a longer paper to appear soon [19]. In Fig. 2
we also give in green the values for the above phases with
ω3 given in (19); the agreement with the exact results is
now excellent.
RH charged gauge boson at colliders. The produc-
tion strength of WR is proportional to |(VR)11|2, where
from (11) one has
(VR)11 ' c12
(
1− isat2β mc
2md
s212 −
s2at
2
2β
2
m2c
4m2d
s412
)
(20)
where c12 ≡ cos θ12L , s12 ≡ sin θ12L . Since this is a high
energy process, we used (11) at its face value, without
any scale dependence modifications.
It is easy to see that |(VR)11|2 differs from |(VL)11|2 by
at most a percent; thus to a great precision the produc-
tion rate of WR is equal to that of WL. Similarly, the
decay rates into top and bottom, or di-jets are in gen-
eral to an excellent approximation given by practically
the same left and right coupling. This is useful for direct
searches for the LR symmetry at the LHC and illustrates
clearly the importance of our result.
KL − KS mass difference. This low-energy phe-
nomenological example provides an indirect lower limit
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FIG. 1. The differences between the right and left handed
mixing angles and the KM phases (δR− δL is multiplied with
the accompanying sin θ13L ). The first order terms are given by
red lines, the blue dots denote exact numerical solutions. The
agreement is striking in all of the allowed region sat2β . 0.055.
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FIG. 2. Right handed external phases. Again, in red lines we
give the first order expressions and with blue dots the exact
numerical solutions; they start diverging only for larger values
sat2β & 0.03. The inclusion of the higher order terms in green
gives an excellent agreement with the exact results.
on the LR scale. The dominant effect comes from the
charm quark in the box diagram with the WL and WR
charged gauge bosons. Only the real part of the ampli-
tude contributes and it is proportional to the following
form of the mixing matrices
Re[ALR(K → K¯)]∝Re [(VL)21(V ∗L )22(VR)21(V ∗R)22]
' c212s212
[
1− 1
2
(
sat2β
)2( mc
2ms
c212 +
mc
2md
s212
)2] (21)
This once again illustrates the usefulness of our findings.
4Previously, it was simply impossible to provide such an-
alytic expressions.
Naturally, there is a scale dependence when applying
(11) to low energies. For WR to contribute substantially
to this process its mass should lie below 10 TeV or so,
and the scale dependence would amount a tiny effect for
the case of the first two generations since their Yukawa
couplings are small and there is no running due to QCD.
There is a plethora of both low and high energy pro-
cesses with similar dependence on the elements of VR and
their observation would pave the way for their eventual
reconstruction [18]. It was tough enough to determine
VL in the SM so this task is obviously a tremendous chal-
lenge, the discussion of which is beyond the scope of this
work.
Two generation case: exact RH angle. The 2 × 2
matrices possess a special property: the off-diagonal el-
ements of the square root of a matrix are proportional
to the off-diagonal elements of the matrix itself, with the
same coefficient of proportionality. This simplifies mat-
ters greatly, and from the unitarity of Uu (or equivalently
Ud) one immediately gets∣∣∣(VLmdV †R)12∣∣∣ = ∣∣∣(VLmdV †R)21∣∣∣ (22)
with the unique solution (up to a sign ambiguity dis-
cussed below (11)) of the same mixing angles
θR = θL (23)
This result allows for the understanding of the approxi-
mate equality between VR and VL. As discussed above,
the small parameter sat2β is sometimes accompanied by
large quark mass ratios and the product can be close
to one, complicating matters. However, the difference
between mixing angles must be proportional to other -
fortunately small - mixing angles. Thus, the situation en-
countered in (14)-(16) continues to be true to all orders
in sat2β . The near equality of left and right mixings is
guaranteed by the smallness of left-handed quark mixing
angles.
IV. Summary and outlook.
In this Letter we have been able to elucidate the long-
awaited form of the RH quark mixing matrix VR in the
minimal left-right symmetric model augmented with gen-
eralized parity. We found exact equations valid in all of
the parameter space that allow for the numerical deter-
mination of VR. We give the series expansion in terms of
a small parameter that measures the departure from the
hermiticity of the quark mass matrices. Moreover, we
give a simple demonstration of the approximate equal-
ity between left and right mixing angles, using the im-
portant fact that in the two generation case θR = θL.
The small CKM mixing angles then guarantee practically
equal mixing angles in the realistic three generation case.
The case of C was easy to understand. Since quark
mass matrices are symmetric, the mixing angles are
equal, the KM phases have opposite signs while VR con-
tains five extra arbitrary external phases. The situation
with P is even more appealing: the mixing angles dif-
fer only slightly, while the phases in VR are calculable as
functions of quark masses and a spontaneously induced
phase.
It is a remarkable fact: the world in which we live
ensures that the symmetry between left and right mixing
angles remains practically exact, in spite of parity being
broken almost maximally.
The knowledge of VR is crucial for the production and
decays of the RH charged gauge boson, the decays of the
heavy scalar doublet in the bi-doublet, the prediction of
the neutrinoless double beta decay, the calculation of the
strong CP parameter and K and B-meson physics, to
name a few. We gave here an example of the WR pro-
duction and the KL−KS mass difference for the sake of
illustration and we will discuss other processes at length
in a longer paper now in preparation.
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